An experimental technique called difference topology combined with the mathematics of tangle analysis has been used to unveil the structure of DNA bound by the Mu transpososome. However, difference topology experiments can be difficult and time-consuming.
INTRODUCTION
One issue with the difference topology technique using a recombinase such as Cre is the many experiments that need to be performed 48 in order to create an accurate system of tangle equations. The sites for Cre can be placed in two different types of orientations, directly 49 versus inversely repeated. The two different orientations are used to determine the topology of the outside loops. See (Pathania et al., right-handed clasp. Whether or not topoisomerase action is modeled by a left-handed or right-handed clasp can be projection dependent 79 as shown in Movie 2. For example, the two segments bound by topoisomerase could cross at a 90 o angle. After topoisomerase action, 80 if one views the 3-dimensional model from the right, one would see a left-handed clasp; while if one viewed it from the left, one would 81 see a right-handed clasp. Note that choosing a projection fixes the handedness of the clasp. Which projection we take also affects the 82 2-dimensional tangle solutions for P (Vazquez et al., 2005) . Thus once we choose a particular projection to represent topoisomerase 83 action (i.e., clasp handedness), we have also chosen a projection for the 2-dimensional tangle P . 84 Whether we should use all three tangle equations shown in Fig. 2C depends on the 3-dimensional conformation of the DNA loops 85 emanating from the protein complex. Consider first the unknotted substrate equation (the first equation in Fig. 2C ). In this equation 86 showing the unknotted substrate, none of the three loops interact. This is the same assumption that was made by Pathania et al (Pathania 87 et al., 2002) when using Cre recombinase to determine the DNA conformation within the Mu transpososome. This is a reasonable 88 assumption as illustrated in Movie 1. Depending on how the 3-dimensional protein-DNA complex is projected, we may or may not see 89 two of the loops cross. In most cases, there should be a projection where the loops do not cross as assumed in Fig. 2C . However, if it is 90 later determined that no such projection exists, the solution found using the outside loop configuration shown in Fig. 2C can be easily 91 modified to satisfy a different configuration of outside loops (Darcy et al., 2006; 2009 Table 1) . 94 The main question is whether we should use both of the product equations. In one case, topoisomerase creates a right-handed clasp. 95 In the other case, topoisomerase creates a left-handed clasp. How the loops emanate from the protein-DNA complex could make one 96 configuration more likely than the other one. Thus one must allow for some ambiguity in terms of which tangle equations best model the 97 difference topology experiment. However, we can still gain useful information despite this ambiguity. 98 In these examples, we will sometimes assume we only 102 know the crossing number of the knotted product as this can be determined via gel electrophoresis. The crossing number of a knot is the 103 smallest number of crossings needed to draw that knot. The unknot is the only knot that can be drawn with fewer than three crossings. 104 There are two three crossing knots and one four crossing knot (shown in Table 1 ). For a table that includes higher crossing knots, please 105 see (Rolfsen, 1976) and https://knotplot.com/zoo/. 106 Example 1. Suppose that the products observed are 3-crossing and 4-crossing knots. Thus assuming protein P binds a unique DNA 107 conformation, we have a system of three tangle equations (per Fig. 2C ): one for the unknotted substrate and one each for the two products. 108 From Table 1 these equations must be Eqns 1, 5, 6 or Eqns 1, 4, 7. If we look at any other combination of equations, we do not have a 109 common solution. For example, Eqns 1 and 2 mean protein P must bind one crossing. But if P binds only one crossing, topoisomerase 110 action cannot produce a 4-crossing knot per Eqns 6 and 7. Per these equations, protein P must bind to two or three crossings in order to 111 produce a 4-crossing knot when starting with an unknotted substrate. Thus Eqn 2 cannot be one of the equations modeling this reaction 112 if protein P binds a unique DNA conformation. However, the system of three tangle Eqns 1, 5, and 6 has a solution where protein P 113 binds two negative supercoils. Note that this two crossing solution satisfies the system of two tangle Eqns 1 and 5 as well as the pair of 114 tangle Eqns 1 and 6 and thus satisfies all three Eqns, 1, 5, and 6. If Eqns 1, 4, and 7 model these reactions, then protein P binds to two 115 positive supercoils. 116 One should also consider the possibility that one of these products is the result of multiple rounds of topoisomerase action. For Since no other knot types were detected, it is unlikely that topoisomerase acted more than one time on the unknotted substrate 120 to produce the 4-crossing knot (and similarly for the 3-crossing knot). 121 Example 2. Suppose that the only products are 3-crossing knots. The tangle equations modeling this reaction would be the substrate 122 equation (Eqn 1 in this table) along with only one of the Eqns 2-5. Any system of three equations involving Eqn 1 and two equations 123 from Eqns 2-5 has no solution as these equations do not have a solution in common. Thus only one of equations 2 -5 can hold. Hence we 124 can only determine that protein P binds to one or two crossings. If we wish to determine the handedness of these crossings, one would 125 need to identify whether the 3-crossing knots are right-handed or left-handed via AFM or EM. But since only one of these equations can 126 hold, that means that topoisomerase action in this case must result in either the left-handed or right-handed clasp, but not both. Hence Recall that the middle branch in the 0-standard configuration will contain either 0 or 1 negative supercoil (represented by n 5 in Fig 282   4A ). If the middle branch contains a negative supercoil, this could explain the net negative change in supercoiling for MukB. The tangle 283 equations give us possible 2-dimensional models for protein-bound DNA. Per the movies, this is one reason that we often obtain more 284 than one solution to systems of tangle equations modeling difference topology experiments involving a topoisomerase: the actual 3-285 dimensional model can project to more than one 2-dimensional tangle solution. In particular the 3-dimensional conformation of DNA is 286 unlikely to have exactly 0 or exactly 1 negative supercoil in the middle branch represented by n 5 . Thus in three dimensions, n 5 would 287 be better represented by a fraction between 0 and -1. We hypothesis that for MukB, the 3-dimensional conformation of DNA bound 288 in the MukB-DNA complex contains a middle branch with a fractional negative supercoil closer to one, while for 13S condensin this 289 fractional negative supercoil would be closer to zero. This would explain both the difference in knotted products as well as the net change 290 in supercoiling (negative for MukB and positive for 13S condensin). 291 The main advantage of difference topology experiments using a topoisomerase is that one can determine the feasibility of this experi-292 mental technique applied to a particular protein complex without a significant investment in time. If one uses a site-specific recombinase, 293 one must create substrates with recombinase binding sites correctly placed on every pair of loops. If one uses a topoisomerase, one can 294 simply add topoisomerase to a test tube containing the protein complex under study using reaction conditions where this protein complex 295 stably binds DNA. The control reaction also must be performed where topoisomerase acts on naked DNA under identical reaction con-296 ditions except for the omission of the protein complex under study. If there is a difference in the knot types of the products as determined 297 via gel electrophoresis, then difference topology can give insight into the conformation of DNA bound by protein. Moreover, depending 298 on difference topology experimental results using a topoisomerase, one can determine whether one is likely to obtain sufficiently better 299 information using a recombinase instead of a topoisomerase. One can also use the difference topology results using a topoisomerase to 300 predict the results if one were to use a recombinase instead (Darcy and Price , to appear). 301 Of course, experimental procedures are rarely simple. One may need to play around with reaction conditions. In particular, one might 302 need to use a singly nicked DNA substrate as was used in the condensin experiments. If supercoiled DNA is used, then topoisomerase 303 may trap supercoils not bound by protein. One can use the simplest products to determine the minimal complexity of DNA bound by 304 protein, but results involving multiple different types of DNA knots would be much harder to analyze. Using a single nicked DNA may 305 reduce the number of knot types resulting from topoisomerase action. However, the use of a nicked DNA substrate can affect the DNA 306 conformation bound by DNA. Recall that difference topology was used to determine that Mu transposase binds to five DNA crossings 307 per the tangle model in Fig 1A. In this case a supercoiled DNA substrate was used. When difference topology with Cre recombinase was 308 applied to Mu transposase binding to nicked DNA, Mu transposase only bound four DNA crossings instead of the five DNA crossings. 309 (Yin et al., 2005) . 310 While analyzing difference topology experiments involving a topoisomerase is not as straight-forward as analyzing difference topol-311 ogy experiments involving a site-specific recombinase, the results can still be very useful for modeling the 3-dimensional conformation (Scharein, 1998) including all equations where the knots involved have fewer than 8 crossings. 323 We use the following theorem to solve 3-and 4-string tangle equations: 324 Theorem 1. Suppose protein P binds DNA and topoisomerase acts on all pairs of loops producing only twist knots with fewer than 325 100,000 crossings. Then the only biologically relevant tangle model representing P is a 3-branched structure (Fig 1 A) if protein P binds 326 to three DNA segments or P is R-standard if protein P binds to four DNA segments.
327
Proof : Consider the tangle equation modeling topoisomerase acting on one pair of loops emanating from the protein P -DNA complex. 328 We can convert this tangle equation into a 2-string tangle equation by pushing all loops except the pair of loops upon which topoisomerase 329 acted into the tangle ball (see for example Fig 3D) . We can solve the 2-string tangle equation using results in (Torisu, 1998; Darcy and 330 Sumners, 1997) where the product of topoisomerase acting on unknotted DNA is a twist knot. We solved all such equations where the 331 twist knot had fewer than 100,000 crossings by writing a simple C program (code available upon request). This allows us to use the results 332 in (Darcy et al., 2009; Kim and Darcy, 2015) to prove that the only biologically relevant tangle model representing P is a 3-branched 333 structure if P binds three DNA segments or R-standard if P binds to four DNA segments. not cross. 406 Movie 2: Left-handed vs right-handed clasp. The clasp first appears as a left-handed, but viewing the clasp from the other side, the 407 clasp appears as a right-handed clasp. Thus whether or not a clasp is right-handed or left-handed is projection dependent. In this movie 408 the two segments cross at a 90 degree angle. But if the two segments cross at a different angle, than one handedness will appear in a 409 larger percentage of projections than the other handedness. the four branches and one negative supercoil in the middle branch. As we rotate this model, the negative supercoil in the middle is no 412 longer visible and we briefly see only three positive supercoils. As we continue rotating four positive supercoils appear. We again briefly 413 loose one positive supercoil until we return back to the projection where we can view all four positive supercoils and the one negative 414 supercoil in the middle branch. 
